LECTURE 4
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Normal Simple Linear Model

Simple Linear Model: One makes the following assumptions
(1) Linearity: The conditional mean of Y given x is a linear function of z, i.e.

E(Yi|X = x;) = po + Bz

(2) Constant Error Variance: The variability of Y is the same for all values of z,
ie.

var(Yi|X = z;) =0 <= var(g) = o”.

(3) Uncorelatedness of Errors: The errors are not linearly associated, i.e.
cov(Y;,Y;) =0 <= cov(e,e) =0, Vi#j.

Normal Simple Linear Model: One can make the extra assumption that the errors
are normally distributed, that is

(4) Normality of Errors: For a given value of 2, Y has a normal distribution, i.e.
Y;’X:[EiNN(ﬁo—i-ﬁlei,O'Q) e GiNN(O,O'Q).

Remark 1. In general, if two random variables a, b are independent, then they are un-
correlated, that is independence implies cov(a,b) = 0.

Please note that the converse does not stand, with the following exception: If two normal
random variables are uncorrelated, then they are independent, i.e. cov(a,b) =0 <= a,
b are independent. Therefore it is common to use an alternative of assumption 3

(3’) Independence of Errors: Knowledge that one response Y; is larger than ex-
pected does not give us information about whether a different Y; is larger (or
smaller) than expected.

Least Squares Estimation of 3, and (;

Our goal is to obtain coefficient estimates 30 and 31 such that the linear model fits the
data well, i.e. the resulting line is as close as possible to the data points. There are a
number of ways of measuring closeness, so there are several possible estimators of 5y and
(1 which could be used.

A standard approach is least squares estimation (i.e. using the Euclidean distance
induced by the Ly norm).
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Let (z1,91), ..., (Tn,yn) represent n observed sample pairs, each of which consists of a
measurement of X and a measurement of Y.

Let L

Yi = Bo + B
be the estimated regression line, i.e. 7; will be the prediction for Y based on the
i-th value of X.

Then

€& =Yi—Ui
represents the i-th residual, i.e. the difference between the i-th observed value of Y and
the i-th value of Y predicted by our linear model.
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FIGURE 1. Estimated regression line and residuals

We define the residual sum of squares as

n

RSS= &= (4:—0) =D (i —Bo— )
i=1 i=1

=1

The least squares approach finds Bo and 31 which minimize the RSS. We have to solve
the optimization problem

min RSS = min Y & = min Y (s — By — Fiz:)”.

Bo,B1 Bo,B1 i=0 Bo,B1 i=1
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Remark 2. If (BO, 31) is a solution to the optimization problem, then

ORSS(Bo, 1)

Ve LR VAR
dPo

9) 2RSS B) _
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We compute

w = zn:Q(yz‘ - Eo - 31951‘) -(=1)
850 i=1

ORSS . B1) _ o34 — o — o) - (~a
061 i=1

Together with Remark 2 we obtain a system of linear equations

n30+§1 Zfizzyi (1)
=1 =1

Eozfﬂi + 6 23712 = foiyi (2)
i=1 i=1 i=1

In matrix notation we have

where . .
n Z T; Z Yi
A=| . & |, B=| &
i=1 i=1 i=1
Let

be the sample means.

Remark 3. We always have

which in turn implies

for any constant c.
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We compute

n n
detA:nE xf—nfg Z;

i=1 i=1

n

= nZ(mf — 2;T)
= HZ$Z($Z —7)
= n(z xi(r; —T) — ZT(:EZ —7T))

i=1

Remark 4. det A > 0 = 3! solution of the system.
Cramer’s Rule:
no D u
.
DT DTl
i=1 i=1

-~ det Al
= det A

, Where A; =

We compute

det Ay = nzn:xiyi - nyzn:xi
i=1 i=1

=n Z(:Ez‘yi —xy) =n in(yi —7)
i=1 1=1

= n(sz(yz —7) — Zf(yz —7))

=1

=0y (@ =D -7)

Cramer a i=1
> /61
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Using equation (1) we further get

0o =Y — P1T.

There is one remaining parameter to estimate, that is the error variance o2

. The usual
estimator is

~2 RSS
4 n—2

The estimator for the standard deviance of € is called the residual standard error

RSS

n—2

RSE =

Remark 5. 30, 31, 02 depend on the observation pairs used!!!

Interpretation of Bl

Y
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FIGURE 2. X and Y are not linearly related for 31 ~ ()

Suppose that | 31] is significantly different from 0.
- This does not mean that X and Y are linearly related.

- This does not mean that X and Y are casually related, that is, changes in X cause
changes in Y or vice versa.



